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Do Covariant Projection Elements Really Eys » 47 Eg
Satisfy the Inclusion Condition? N ~ .
_ By | Ey + By
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Abstract—Spurious modes which often are found among finite-element . .
solutions of electromagnetic eigenvalue problems do not occur when E . E‘
covariant projection elements are used. It has been claimed that this hap- x5 x2 X
pens because covariant projection elements satisfy the inclusion condition,
but they do not satisfy it—as is proven in this paper.
Eys Eys ) By
|. INTRODUCTION )
Ex4 y='1 Exl

It is well known that depending on the type of elements used, finite-
element solutions of electromagnetic eigenproblems may or may mg. 1. The cross section of a square waveguide discretized by using a single
contain spurious modes. For example, the spectrum calculated cgyariant projection element.
using Lagrangian elements is usually polluted by spurious modes
[1]-[5], whereas it is well known by experience [5], [6], and ha§vh
: ;T ere
rigorously been proved [7], [8] that edge element approximations are
spectrally correct (and, in particular, are spurious free). Ho(curl, Q)
In [9], Crowley, Silvester, and Hurwitz introduced the covariant 2 3 2,9\13
. ' ’ : . " = L v L= ()]°, Eloo =0 6
projection elements and proposed the so-called inclusion condition v e [V xv e [LHQ], n x Els } (©)
/v-vd52<oo}. )
Q

as a sufficient condition to avoid spurious modes. However, we haé{ﬁd
q_et us discretize the above eigenvalue problem by using a single

recently proved [10], [11] that the inclusion condition need not be
satisfied by a spurious-free finite-element basis. In [10], we point out L3 = {U: O R
also that in practice, the inclusion condition seems too strong to be
not satisfy the inclusion condition [10], [11]. . o . o
It is still an open question whether covariant projection element%OV"’lrlalnt projection element [9], [12] (see Fig. 1). The electric field
. - - . . "8’ then interpolated as follows [12]:
which are known by experience as spurious free, satisfy the inclusion

useful. As a matter of fact, edge elements (though spurious free) d

condition or not. In [9] it is claimed they do, but no proof is reported. 6 6
In this paper, it is proven by providing a counter example that they E=) E.Xi(x,y)z+ Y E,Yi(z.y)y 8
do not. i=1 i=1

where X;(z,y) andY;(z,y),i = 1,---,6 are the following mixed-

Il. A SIMPLE EXAMPLE NOT SATISFYING THE INCLUSION CONDITION  grder trial functions:
Let us consider the problem of finding the eigenmodes at the cutoff

of the square waveguide whose cross section is the domain Xi(w,y) = —=la()qi(y), i=123 9)
, Xi(a,y) =L (2)qi—s(y), i = 4,5, 1
Q={(r,y) ER*-1<e <1 -1<y< 1} (1) (@my) =h(@gisly),  i=456 (10)
Yi(r.y) = Xi(y. 2), i=1.-.6 (11)
Assuming that
and

er=pr-=1 inQ @)
li(z)=1%(1-=a), lo(z) = L (1 +2), 12
this problem reads =) : (1-a), (=)= +-7T)’ (12)

, N ay)=3yy—-1, @ =>10-y),

Vx(VxE)=FE In (3) as(y) =S uly + 1), (13)

nx E=0 onQ (4)

) In order to satisfy (4), we have to choogt, = Ey» = Euy =
or, In Wgak form: E.s=0andE,) = E,3 = E,u = E,6 =0, i.e., the only degrees
Find k* > 0 and E € Hoy(curl,Q2), E # 0 such that of freedom arel.», E.5, E,2, and E,5 (see Fig. 1).
Among the possible finite-element fields satisfying (4), let us

/Q(V X E)-(V x W)dQ consider the following ones:

= k?/ E-WdQ, YW € Hy(curl,Q) (5) Ey =(Xo(x,y) + Xs(2.9)2 + (Yo(,y) + Ys(2.9))¥
Q . N
=(2(y* = )z + (y(2* - 1))3, (14)
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From these explicit expressions we can easily calculate where S is the space of vector fields spanned by the finite-element
5 5 basis andPx (S) is the orthogonal projection of on the spaceV
VxE =0, V-Ei=2"+y -2 (18)  of irrotational vector fields of the continuous problem (5). For the
VxEy=-2yz, V-E;=0 (19) sake of precision
VxE;=2r2, V-E3=0 (20)
V x Ey=—4xyz, V-E,=y° —2°. (21) S = span {E;}i—, (31)
We can also calculate the following integrals: q
. an
E, E;d)=0, i#j i=1---.4, j=1,---.4 (22)
¢ N = {v € Hy(curl,Q)|V x v = 0}. (32)
and
/(V x E;) - (VxE;)dQ=0, i#j, i=1,---,4, Checking the inclusion condition directly is not an easy task.
Q

However, as proven in [10], the solenoidality of the nonirrotational
modes of the discrete eigenproblem is necessary for the inclusion
condition to be satisfied. HoweveE, is just a mode of the discrete
finite-element space, i.e., a generic finite-element fidfdcan be _eigenproblc_em which is neitherirr_otational nor solenoidal (21)._!—_|ence,
expanded a8V = Si_, a,Ey. in the parfucular e.x‘ample conS|dered,‘ this necessary cor\dltlon for
In order to verify that the four finite-element vector field , the inclusion condition, and then the inclusion condition itself, are
jeolated. This is sufficient to conclude that, in general, covariant

E,, E;, E, are just the eigenmodes of the considered discreY, o=t ) - ! -
eigenproblem, let us calculate projection elements do not satisfy the inclusion condition.

j=1,---4.(23)

From (22), it follows that{E;}:—, is an orthogonal basis of the

/Q(v x i) (V x W)dQ Ill. CoNcLUSIONS

4 In [10] and [11] we have proven that the inclusion condition
ds is sufficient, but not necessary to avoid spurious modes, and that
edge elements do not satisfy it. It was still an open question

_ Z“‘k / (V x Ei)- (V x Ey)dS (24) Whether_covgrlant projection elements satisfy the inclusion condition
o or not—in this paper, we have proven that they do not.
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Then, from (26) to (28), we have



